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Abstract
In practice, the most common analysis methods of bending plates are the Kirchhoff model and the first-order shear model. In this 
paper analysis results of a freely supported bending plate of various thickness are given according to the Kirchhoff model, the 
first-order shear model and the 3d elastic model. For solving of this problem numerical algorithms of the finite-difference energy 
method and the finite element method are used. The solving of contact problem and the comparative appraisal of obtained results 
are also given.
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1. Statement of the problem
1.1. The Kirchhoff model.
The ratio between the changes of the FXUYDWXUHVț11ț22ț12 and the deflection of the plate w in the Cartesian 
coordinate system are expressed by known formulas [1]:
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1.2. Shear model.
In the model, taking into account the transverse shear deformations, dependence between deformations and 
displacements has the form [2]:
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where e13 and e23 are transverse shear deformations; ș1 and ș2 are rotation angles of cross sections of the plate. If 
we accept that e13=e23=0, from the expressions (2) follow the geometrical relations of the Kirchhoff theory (1).
1.3. A three-dimensional model of the theory of elasticity.
Used known relations of the Cauchy linking of linear and shear deformations with the displacements [1].
2. Solution methods
For analysis of the plate based on Kirchhoff and shear models the finite-difference energy method [2] is applied 
using the geometric relations (1) and (2). The analysis of the plate on the basis of the three-dimensional problem of 
elasticity theory is done using a software system ANSYS based of finite element method. In solving of the problem 
three-dimensional finite element SOLID186 with 20 nodes and 3 degrees of freedom at an each node was chosen.
3. Numerical analysis
A square plate simply supported on the contour and finding under the action of transverse uniformly distributed 
load is considered. The initial information for analysis is the dimensions in terms of a = b = 1 m; the intensity of the 
load q = 1 kN/m2; elastic modulus E = 20 GPA; Poisson's ratio Ȟ = 0,16. The plate thickness h varies from 0,02 m to 
0,3 m. In Table 1 the values of the deflections at the center of plate wmax with different thicknesses h presents. There 
is the value of the relative difference of the deflections on the two theories in the last column.
Table 1. Deflections at the center of plate on the two theories.
h, m h/a
wmax, m
į,%Kirchhoff model Shear model
0,02 1/50 2,980·10-4 2,984·10-4 0,13
0,04 1/25 3,725·10-5 3,747·10-5 0,60
0,1 1/10 2,384·10-6 2,471·10-6 3,5
0,2 1/5 2,980·10-7 3,418·10-7 12,8
0,25 1/4 1,526·10-7 1,877·10-7 18,7
0,3 3/10 8,829·10-8 1,175·10-7 24,8
The value of the maximum bending moment in the center of the plate for all thicknesses is Mxmax=0,0415 
kNm/m. The analytical solution of this problem, taken from [3] and are obtained by single trigonometric series.
Using the raw data presented above for the plate thickness h = 0,02 m we obtain wmax= 2,967·10
-4 m; Mxmax =0,0479 
kNm/m. The magnitude of maximum deflection in the center of the plate with various thickness h, obtained with the 
help of the above models are presented in Table 2.
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Table 2. Deflections at the center of plate on the three theories.
h, m h/a
wmaxɦ
Kirchhoff model Shear model
Three-dimensional 
model
0,04 1/25 3,725·10-5 3,747·10-5 3,841·10-5
0,1 1/10 2,384·10-6 2,471·10-6 2,850·10-6
0,2 1/5 2,980·10-7 3,418·10-7 5,270·10-7
0,25 1/4 1,526·10-7 1,877·10-7 3,440·10-7
0,3 3/10 8,829·10-8 1,175·10-7 2,560·10-7
The magnitude of the bending moment Mxmax in the center of the plate for different values h is given in Table 3.
In Fig.1 and 2 fields of equal displacements of the plate in the z axis direction, in Fig. 3 and 4 diagrams of normal 
stresses are shown.
Table 3. Bending moments in the center of plate.
h, m h/a
Mxmax, ɤɇɦ/ɦ
(Three-dimensional 
model)
Mxmax, ɤɇɦ/ɦ
(Kirchhoff model and
shear model)
į,%
0,04 1/25 0,0443
0,0415
6,23
0,1 1/10 0,0476 12,8
0,2 1/5 0,0548 24,3
0,25 1/4 0,0562 26,1
0,3 3/10 0,0610 32,0
Fig.1. Fields of equal displacements of the plate
in the z axis direction with h/a=1/10
Fig.2. Fields of equal displacements of the plate
in the z axis direction with h/a=3/10
In the examples above, the analysis of plates was performed with idealized boundary conditions of free 
bearing. Additionally, the analysis of simply supported plates is based on the solution of the contact problem. 
When contact of bearing plate modelling contact elements of the "surface to surface" TARGE170 and 
CONTA174 was used. TARGE170-elements were used to represent an absolutely rigid surface of the support 
(support width – 0,05 m along the contour of the plate). CONTA174 elements were imposed on the finite 
elements of the plate in the area of possible contact. The contact elements are connected from penetrating into 
the target surface at the point of detection of the contact, which can be both nodes and Gauss points of the 
element. For the solution of contact problems has been used the extended Lagrangian method based on an 
iterative procedure using the method of penalties. In Fig. 5 and 6 some results of analysis of simply supported 
plate, representing the deformed scheme and fields of equal displacements in the z axis direction are shown.
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Fig.3. Diagram of the normal stresses ıx in the plate with h/a=1/10 Fig.4. Diagram of the normal stresses ıx in the plate with h/a=3/10
Fig.5. A contact problem. The deformed scheme of the plate 
with h/a=1/5
Fig.6. A contact problem. Fields of equal displacements of the plate 
in the z axis direction with h/a=1/5
4. Conclusion
1. Analysis show that the magnitude of the deflections in the center of the plate obtained by the Kirchhoff and 
shear models differ little from each other when h/a(Table 1). When h/a>1/5 the difference in the values of the 
deflections is significant, for h/a=3/10 it reaches 24,8 %.
2. A comparison of the maximum vertical displacement wmax in the center of the plate with various thickness h,
obtained by the three-dimensional theory with the results according to the Kirchhoff and shear models shows that 
even when the ratio h/a=1/10 difference is 16,3% and 13,3%, respectively, while h/a=3/10 difference is 65% and 
54% (Table 2).
3. 'LDJUDPRIWKHQRUPDOVWUHVVHVıx in the plate for considered ratios h/a has a linear character. Diagram of the 
QRUPDOVWUHVVHVız shows that the equilibrium condition on the top face of the plate, where acting distributed load, is 
SHUIRUPHG7KHPDJQLWXGHRIWKHQRUPDOVWUHVVız for a thin plate of thickness h=0,1 m much less than the normal 
stress ıx LQWKHVDPHVHFWLRQZKLFKRQFHDJDLQFRQILUPVWKHDFFHSWDELOLW\RIWKHDVVXPSWLRQVız=0 in the classical 
theory of bending of plates. 
4. The difference of the values of the functions of normal displacements w through thickness of plate at the ratios 
h/a slightly, reaching 3% for the plate with aspect ratio h/a=3/10. These results confirm once again that the adoption 
of assumptions İz=0 in theory of bending of plates has no significant effect on their stress-strain state in the case of 
small deflections.
5. Analysis of plate based on the solution of the contact problem enables more correct to consider the conditions 
of free support and clarify the stress-strain state of the structure. Image of the deformed plate, presented on Fig.5 and 
6 show that the corners of the plate are shifted upward opposite to the direction of operation of the transverse 
distributed load.
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